We investigate the quantum optical properties of Maxwell's two-dimensional fish eye lens at the single-photon and single-atom level. We show that such a system mediates effectively infinite-range dipole-dipole interactions between atomic qubits, which can be used to entangle multiple pairs of distant qubits. We find that the rate of the photon exchange between two atoms, which are detuned from the cavity resonances, is well described by a model, where the photon is focused to a diffraction-limited area during absorption. We consider the effect of losses on the system and study the fidelity of the entangling operation via dipole-dipole interaction. We derive our results analytically using perturbation theory and the Born-Markov approximation and then confirm their validity by numerical simulations. We also discuss how the two-dimensional Maxwell's fish eye lens could be realized experimentally using transformational plasmon optics.
I. INTRODUCTION
Maxwell's two-dimensional fish eye is an optical lens with remarkable imaging properties. Light emitted from any point inside the lens refocuses at the antipodal point on the opposite side of the lens. Since J. C. Maxwell's original work that studied ray optics inside the lens [1] , the properties of the fish eye have been analyzed in a variety contexts, including electromagnetic waves [2, 3] , scalar waves [4] , quantum mechanics [5] and supersymmetry [6] .
More recently, it was proposed that Maxwell's fish eye lens may have the ability to perfectly refocus electromagnetic waves emerging from a point source [7] [8] [9] , thereby overcoming the diffraction limit [10] . The idea of perfect imaging with Maxwell's fish eye has generated vigorous debate . It has focused on how the presence of a point-like detector, placed at the focus point, changes the image formed and whether perfect imaging is an artifact of the detector. On the one hand, it has been argued that the presence of the detector, which can absorb the incoming radiation, is necessary to form a perfect image [7] [8] [9] [11] [12] [13] [14] . On the other hand, concerns have been raised that the detector itself would contribute electromagnetic waves to the image formed, giving rise to the apparent subwavelength focus point [14] [15] [16] [17] . Subsequently, the discussion about perfect imaging has shifted to finding a simple and realistic model for such detectors [18] [19] [20] [21] [22] [23] [24] . More recently, it was suggested that perfect imaging may be possible when operating very close to the resonances of the fish eye lens [35] [36] [37] [38] .
In this paper, we study the imaging properties of Maxwell's two-dimensional (2D) fish eye lens at the single-photon level using single atoms. In particular, we assume that both the source and the detector of the photon are individual atoms and thus no ambiguity arises regarding their fundamental properties. One atom, initially in its excited state, emits the photon and the second atom, initially in its ground state, absorbs the photon, . If a mirror of radius R0 is introduced (black circle), the trajectories remain closed (solid red lines). All light rays emerging from an arbitrary point within the lens (green dot) refocus at the antipodal point (blue star). The color code and the inset show the spatial variation of the refractive index as a function of the radius, where we assume that n0 = 1 in Eq. (1) . For r > R0 the refractive index of the fish eye dips below 1. storing it in a metastable state for fluorescent readout. This is conceptually the simplest model for a source and a detector [37] .
We model the 2D lens as an effective photonic cavity filled with an inhomogeneous dielectric material and solve for the atom-photon dynamics inside the lens. Since the rate of photon exchange between the atoms is set by the local electric field strength, the atomic dynamics is a
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sensitive indicator of the electric field distribution of the photon during absorption. In particular, we find the the photon exchange rate between the two atoms, which are detuned from the cavity resonances, is well described by a simple model, which assumes that the photon is focused to a diffraction-limited area during absorption.
We also analyze the capabilities of the fish eye to enhance the interaction between distant atoms. In particular, we show that the dipole-dipole interaction mediated by the fish eye lens is effectively infinite in range. This infinite-range interaction is a consequence of the unique focusing properties of the fish eye lens and is analogous to the infinite-range interactions mediated by quasi-1D waveguides, which have been the subject of extensive research in recent years in the context of hollow [39, 40] , plasmonic [41] [42] [43] , microwave [44] [45] [46] and dielectric [47] [48] [49] [50] [51] [52] waveguides. Within this model, we quantitatively evaluate entangling operations and discuss a realistic experimental realization.
This paper is organized as follows. In Section II we discuss the general formalism behind our work and derive the dipole-dipole interaction mediated by the lens between atoms. In Section III we discuss the entanglement of atoms within the lens. In Section V we discuss a possible physical realization of the 2D fish eye using transformational plasmon optics. Key insights of our work are summarized in Section VI.
II. GENERAL FORMALISM
In this section we describe the general formalism behind our calculations for exploring the quantum optical properties of the system and calculate the dipole-dipole interaction between atoms placed inside the lens.
A. Maxwell's Fish Eye Lens
The two-dimensional fish eye lens is a dielectric medium of infinite size with refractive index [8] n(r) = 2n
where r = x 2 + y 2 , R 0 is the natural length scale of the problem and n 0 ≥ 1 can be chosen arbitrarily. We assume n 0 = 1 for all numerical calculations in this paper.
In the limit of geometric optics, light rays propagate in perfect circles (Fig. 1, dashed circles) . All rays emitted from a single point inside the lens ultimately meet at the antipodal point. For |r| > R 0 the refractive index varies between n 0 and 0, which is difficult to achieve in practice. Thus the lens is modified by placing a mirror around the circle of radius |r| = R 0 (black circle in Fig. 1 ). In the presence of the mirror the trajectories still remain closed (solid red lines in Fig. 1 ) [7] .
The 2D fish eye can be realized for electromagnetic waves in a thin disk of radius R 0 with a dielectric material of radially varying refractive index given in Eq. (1), which is constant along theẑ direction. If all surfaces of the disc are surrounded with mirrors, the TE modes with the lowest frequency will realize the ideal dynamics of the 2D fisheye [9, 30] . To ensure that a source radiating at frequency ω 0 excites only the lowest TE modes of the lens, the thickness of the disk, b, is chosen such that the relevant optical frequency of the source is much smaller than πc/b, where c is the speed of light in vacuum [30, 53] . Later, we consider a realistic realization of the two-dimensional fish eye with surface plasmons, where the transverse confinement arises naturally from the confinement of the plasmons to the metal-dielectric interface [54, 55] .
B. Hamiltonian
We model the atoms as two-level systems with ground and excited states denoted by |g and |e , respectively. The Hamitonian describing the evolution of the system composed of the two atoms and the fish eye modes is given by
where the atoms evolve according to H atom = ω 0 i=1,2 |e i e i | and the evolution of the electromagnetic field is described by
, where a l,m is the annihilation operator of an eigenmode of the lens labelled by (l, m). The interaction of the two atoms with the electromagnetic field is given by
ẑ with σ i = |g i e i | and d z is the z-component of the dipole moment of the e → g transition of the atom, E(r i ) is the electric field operator at position r i within the lens, and we neglect variations of the field over the size of the atoms. The two atoms are positioned at r 1 and r 2 (see Fig. 2(a) ). Note that Eq. (2) describes a closed lossless system composed of the lens and the two atoms with no coupling to free-space modes. Later we will consider how photon loss from the fish eye modes affects our results.
C. Quantization in the Fish Eye Lens
We follow the quantization scheme of Glauber and Lewenstein [56] to write down the expression for the quantized electromagnetic field E(r i ) of the lens ( 16π 2 (R0n0/λ) 2 + 1 + 1) and n0 = 1. The atom on the left is positioned exactly λ away from the mirror, whereas the position of the second atom is sweeped. The strength of the interaction peaks λ away from the opposite mirror surface with a height that is independent of the radius of the lens and the interatomic distance. where f l,m are the classical eigenmodes of the cavity that are solutions of the wave equation
subject to the transversality condition
together with the boundary condition that f l,m ·ẑ = f l,m ·φ = 0 at |r| = R 0 due to the presence of the mirror. The position-dependent refractive index n(r) is given by Eq. (1). The solutions of Eq. (4) and Eq. (5) can be chosen to form an orthonormal set satisfying
where the integral is performed over the quantization volume V. Solving these equations, the lowest TE modes of the fish eye take the following form
where Y In this section, we investigate the resonant transfer of a photon between two atoms via the dipole-dipole interaction, the strength of which we denote by δω.
In quantum optics, the most fundamental model for photon emission and detection assumes that one atom is initially in its excited state |e 1 , while the second atom is in its ground state |g 2 . When the system evolves coherently in time, the excited atom (virtually) emits the photon and after time t int ∼ π/(2δω) the second atom fully absorbs the photon as its atomic population is transferred to the excited state |e 2 [43, 57] .
Furthermore, by making use of additional metastable states |s i with i = 1, 2 (see Fig. 3 ) that only couple to |e i via the time-dependent classical control pulse Ω i (t) (such that Ω i δω), the photon transfer can be performed in a controlled, realistic scheme [58] [59] [60] . In particular, by adjusting Ω 1 (t) and Ω 2 (t), the photon transfer can be initiated via the excitation of |e 1 and, as the photon is reabsorbed, the atomic population of the second atom can be transferred to the metastable state |s 2 . Then, by switching off Ω 2 (t), reemission into the cavity can be prevented. From the metastable state the photon can be read out using standard fluorescence techniques [61, 62] . This completes the detection of the photon.
In a standard quantum optical setting, the dipoledipole interaction between two atoms with level spacing ω 0 between ground |g i and excited states |e i in any environment can be expressed in terms of the classical Green's function components G αβ (r 1 , r 2 , ω 0 ) (with α, β = x, y, z) through the following expression [63] [64] [65] [66] 
where we assume that the two atoms are located at r 1 and r 2 and their dipole moments d z are oriented along the z-axis. Note that the real (imaginary) part of the Green's function G zz (r 1 , r 2 , ω 0 ) has the simple interpretation of being the z-component of the in-phase (out-of-phase) component of the electric field generated at position r 2 within the lens due to the presence of a z-oriented point-like dipole at position r 1 radiating at frequency ω 0 .
FIG. 3.
(color online) Schematic depiction of a realistic scheme for the photon transfer between the two atoms. The first atom emits the photon, while the second atom fully absorbs it. By applying classical time-dependent control pulses Ω1(t) and Ω2(t), the transfer can be initiated and the photon can be captured in the metastable state of the second atom, from which the photon can be read out using fluorescence techniques.
We note that, when the classical Green's function of a problem is analytically known, it is typically a simple matter to evaluate Eq. (8) and find the dipole-dipole interaction between atoms. However, for the fish eye there is debate about what Green's function correctly describes the imaging process. The subtlety of the issue arises from the fact that the fish eye, which models the closed surface of the sphere, is inherently a closed system from which radiation cannot escape in the absence of losses and detectors [7] [8] [9] . As mentioned previously, the accurate mathematical modeling of detectors has been a key focus of the discussion regarding perfect imaging [11, 12, 14-34, 37, 38] .
Here, since we model both the 'source' of the radiation and the 'detector' as atoms, the exact expression for the dipole-dipole interaction can be obtained from the standard quantum optical master equation [67] , where no ambiguity arises in the derivation of the results. Furthermore, as we show below, the expression obtained for the dipole-dipole interaction from the master equation exactly matches one of the two Green's functions discussed extensively in the fish eye literature, allowing us to directly use Eq. (8), which substantially simplifies numerical calculations.
The quantum optical master equation in the BornMarkov approximation, which governs the evolution of the atoms inside the lens, takes the following form in the interaction picture [67] 
where |0 0| is a projector onto the vacuum state of the lens (i.e. no photons in the lens) and the trace is implied over all photonic Fock states of the lens, n n|...|n , and
and
In Eq. (9), the Born approximation was performed by writing the density matrix for the system in the form ρ(t − τ ) ⊗ |0 0|, which amounts to neglecting correlations between the atoms and the electromagnetic modes of the lens [67] . The Markov approximation was made by replacingρ(t − τ ) byρ(t), which is based on the assumption that the atom-field correlation time is negligibly short compared to the time scale on which the system evolves [67] . The Markov approximation allowed us to self-consistently extend to infinity the upper limit of the integration with respect to dτ . We confirm the validity of the Born-Markov approximation in Section IV. After performing the trace over the modes of the fish eye lens, we need to evaluate the following standard integral
where δ(x) stands for the Dirac delta and P f (x) denotes the principal value component of the function f (x). Since the spectrum of the fish eye modes (which act as the reservoir for the atoms) is discreet, the Dirac delta and the principal value do not contribute away from resonances and we may simply replace the right-hand side of Eq. (12) with ±i/(ω 0 ∓ ω l ). More specifically, in the absence of any mechanism for photon loss that would broaden the energy levels, the atoms experience no spontaneous decay or cooperative emission when their transition frequency does not coincide with the resonant frequencies of the lens. The master equation then describes the fully coherent, lossless evolution of the atoms and takes the form dρ dt
where the dipole-dipole interaction between the atoms is given by
where the fish eye modes f l,m (r) are given by Eq. (7) and the summation runs over all eigenmodes of the fish eye. Given the summation over an infinite number of modes, it is difficult to work directly with the expression given in Eq. (14) and it is desirable to replace it with a simple, closed-form expression.
As shown in Appendix A, the right-hand side of Eq. (14) can indeed be replaced by an expression of the same form as Eq. (8) using a Green's function, where the Green's function is given by the following expression
, (15) where P ν is the Legendre function of (non-integer) order
. Note that the order parameter ν depends on the atom frequency ω 0 through the free-space wavelength λ = 2πc/ω 0 and the order parameters with integer values (ν = 1, 2, 3 . . . ) correspond to the resonances of the lens. We have also defined
iφj , where (r j , φ j ) are the cylindrical coordinates of the positions of the two atoms (j = 1, 2) within the lens. In Eq. (15) the second term on the right hand side accounts for the presence of the mirror at |r| = R 0 , ensuring that the electric field goes to zero [7] . This Green's function was first derived in Ref. [13] , and is obtained from the canonical equation of the dyadic Green's function in the presence of a single source term [7, 9, 12] . This Green's function has been used previously to describe the static electric field distribution inside the lens for the case when a diffraction-limited image forms at the antipodal point in the presence of a classical source and in the absence of a 'drain' [12, 15] .
Using Eq. (8) and Eq. (15), the dipole-dipole interaction can be calculated in a straightforward manner within the lens. In Fig. 2(c) we plot the strength of the dipoledipole interaction between two atoms. The position of the first atom is fixed exactly one wavelength away from the mirror and the position of the second atom is varied across the lens. We plot the interaction strength for four different radii of the fish eye. As Fig. 2(c) shows, the strength of the dipole-dipole interaction peaks at the antipodal point, exactly one wavelength away from the mirror.
As noted at the start of this section, in quantum optics the strength of the dipole-dipole interaction sets the rate at which a photon can be resonantly transferred from one atom to the other. Physically, this exchange rate depends on the strength of the photon field at the location of the second atom that absorbs the photon. In general, the smaller the volume the photon is focused to, the larger the field strength gets. Thus, the dipole-dipole exchange rate depends sensitively on the area the photon is focused to. Fig. 2(d) provides an enlarged view that shows the dipole-dipole interaction rate -and thus the electric field strength -experienced by the second atom near the antipodal point [68] . The width of the peak is approximately λ/2, suggesting that the photon is focused to a diffraction-limited area at the location of the second atom. These results for the rate of photon transfer are numerically confirmed in Section IV. Fig. 2 (c) also shows that the height of the peak remains constant as the radius of the fish eye and, therefore, the distance between the two atoms is increased. The photon emitted by an atom anywhere within the cavity gets refocused at the antipodal point regardless of the size of the lens. Such infinite range dipole-dipole interaction is a well-known feature of quasi-1D waveguides [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] . Intuitively, the 2D fish eye lens acts as quasi-1D system due to the fact that the lens mimics the propagation of light on the surface of a sphere [8] . Just as in 1D light is confined to propagate along a single axis without dispersion, the same way light emitted from a point on the 2D surface of a sphere is constrained to propagate along the geodesics of the sphere and refocuses at the antipodal point without any dispersion.
The functional form of the dipole-dipole interaction can also be understood analytically by considering the asymptotic behavior of the Green's function near the source and image points. In particular, note that the source and image points in the lens correspond to ξ(α 1 , α 2 ) = −1 and ξ(α 1 , 1/α * 2 ) = +1 respectively [7] . As ξ → −1 we obtain the asymptotic expansion [7, 69] 
where we have defined the function
Here γ is Euler's constant and ψ is the digamma function. In addition, when ξ → 1 we obtain the asymptotics P ν (ξ) → 1 [7, 69] . Thus, near the source point the first term dominates in Eq. (15) and a logarithmic divergence is formed. In contrast, near the image point, the second term dominates and we can analytically approximate the Green's function as
.
This shows that the absolute value of the Green's function is maximized when the frequency falls half-way between two resonances such that ν = m + 0.5, where m ∈ N. Furthermore, this expression also shows that the height of the peak at a given frequency only depends on the transverse confinement of the modes b and is independent of the lens radius R 0 . Finally, we note that Eq. (18) also shows that the dipole-dipole interaction is independent of where we place the atoms within the lens as long as they are situated at antipodal points.
E. Spontaneous and cooperative decay of atoms
In all calculations so far, we assumed that the fish eye lens is completely isolated from its surrounding environment and the photon cannot leak out of the cavity. Here, we next consider the situation when the lifetime of the eigenmodes of the fish eye are finite e.g. due to the imperfection of the mirrors and dissipation in the dielectrics. We account for the gradual loss of photons from the fish eye modes by modifying the Hamiltonian in Eq. (2) with a non-Hermitian term of the following form
where 2κ sets the rate of decay from the modes, which is assumed to be frequency-independent in the range of interest. The decay of the cavity modes broadens the discrete energy levels of the fish eye, creating a continuous spectrum, as shown schematically in Fig. 2(b) .
With this modification, we can re-derive the master equation from Eq. (10). We evaluate the following integral
and after neglecting the off-resonant decay terms [67] we obtain the master equation in the following form
where the rate of decay is given by
and the modified dipole-dipole interaction is given by
where we have defined
Since we are now including losses in the system, the excited states of the two atoms can irreversibly decay into the eigenmodes of the lens and leave the cavity, leading to non-zero single atom decay γ(r i ) = Γ(r i , r i ) (with i = 1, 2) and cooperative decay γ coop (r 1 , r 2 ) = Γ(r 1 , r 2 ). The single atom decay γ describes how quickly an excitation decays from state |e of an individual atom to the fish eye modes, whereas the cooperative decay γ coop governs the coherent joint emission of the two atoms into the modes leading to super (γ + γ coop ) and subradiant decay (γ − γ coop ) of the symmetric and anti-symmetric superpositions of the two atoms, respectively [67] .
As for the lossless case, it is desirable to find closedform expressions to replace the expressions that involve infinite summations on the right-hand side of Eq. (22) and Eq. (23) . As shown in Appendix A, the decay rates and the dipole-dipole interaction can be expressed using the Green's function of Eq. (15) in the following form Γ(r i , r j ) = 2d
These simple, analytic expressions provide a convenient way to calculate the quantum optical properties of atoms inside the lossy fish eye lens and to study the atomic dynamics.
We also note that when κ ω 0 , Eq. (25) and Eq. (26) can be approximated as
Eq. (27) and Eq. (28) suggest an alternative way of accounting for the loss of photons from the modes of the fish eye. In particular, it can be shown (see Appendix A) that G zz (r i , r j , ω 0 + iκ) is the Green's function of the fish eye lens with the following complex refractive index
where
and n(r) is given by Eq. (1). Therefore, the loss of photons from the modes of the fish eye can also be thought to arise from material absorption in the dielectric [7] . This is a key observation, which allows us to associate a κ value with material absorption and, therefore, treat all losses that contribute to photon decay from the fish eye modes in a unified manner. In particular, even if different loss processes are present, e.g. material absorption and leakage through the mirror, we can still associate a κ value with each of these processes and calculate the total decay rate via
which can be substituted into Eq. (27) and Eq. (28) to calculate the relevant atomic properties in the lossy lens.
This will be particularly useful when we consider a possible physical realizations of the fish eye lens with plasmons (see Section V). Furthermore, we can also find how ν, Γ and δω scale with α for system parameters of interest. First, we note that 16π 2 (R 0 /λ) 2 1, whenever λ R 0 . Assuming α 1, to first order in α we find that
Assuming that Re[ν] = m + 0.5 with m ∈ N (which corresponds to tuning the atomic frequency between two resonances), from Eq. (18) we obtain that, to lowest order in α, the following approximation holds at the image point (r 1 = −r 2 )
where the choice of sign ∓ depends on whether m is even or odd. This is a purely real quantity and, therefore, from Eq. (27) and Eq. (28) we find that the cooperative decay is given by
and the dipole-dipole interaction takes the form
Finally, we can find the single atom decay rate γ by substituting r i = r j into Eq. (27) and substituting Eq. (16) and Eq. (32) into Eq. (15) . We find that to leading order in α the following approximation holds
III. ENTANGLEMENT OF ATOMS
Structures that mediate long-range dipole-dipole interactions are of significant interest in quantum information processing, as such interactions make it possible to entangle [40] and perform deterministic phase gates between distant atoms [43] . In this section, we characterize the potential of the fish eye to entangle distant atomic quits. We focus on the simple case of a single excitation being exchanged between two atoms due to the dipole-dipole interaction. In what follows, for simplicity we assume that the two atoms are located at antipodal points (i.e. |r 1 | = |r 2 | and φ 1 = φ 2 + π) and, therefore, γ = Γ(r 1 , r 1 ) = Γ(r 2 , r 2 ).
In the absence of a driving field, the no-jump evolution of the system can be described by a non-Hermitian effective Hamiltonian of the form [70] 
where we have defined |± = (|e 1 , g 2 ± |g 1 , e 2 )/ √ 2, and recall from the previous section that γ coop = Γ(r 1 , r 2 ) and δω(r 1 , r 2 ) stand for the cooperative decay and dipole-dipole interaction of the atoms, respectively. Note that the overall decrease of population in Eq. (37) due to the non-Hermitian terms reflects the gradual loss of the photonic excitation from the cavity.
FIG. 4. (color online) Excitation probability of two atoms
within the cavity as a function of time. Initially, atom 1 is excited and atom 2 is in its ground state. As the system evolves, the two atoms repeatedly exchange a photon via the dipole-dipole interaction. The photon gradually decays from the cavity modes, leaving the atoms in their ground states. A fully entangled state with maximal fidelity is formed at t = π/(4δω) (see arrow). The plot was obtained for R0 = 3.34λ with a cavity loss rate of α = κ/ω0 = 5 × 10 −4 , assuming that the two atoms are located at two antipodal points within the lens such that |r1| = |r2| = 0.27R0 and φ1 = φ2 + π.
Assuming that at t = 0 the two atoms are in the state |ψ(0) = e 1 , g 2 = (|+ + |− )/ √ 2, the time evolution of the atomic wavefunction is governed by
which, upon substitution, yields
The expressions |C + | 2 and |C − | 2 give the excitation probability of atom 1 and atom 2, respectively, as a function of time. In Fig. 4 we plot the excitation probability of the two atoms as a function of time. As the plots shows, the photon is coherently exchanged a number of times between the two atoms before it gradually decays from the cavity modes. During time evolution, the state |ψ(t) will have maximal overlap with the maximally entangled state |ξ = (|e 1 , g 1 − i|g 1 , e 1 ) / √ 2 when |C + (t)| = |C − (t)|, which happens when 2δωt ≈ π 2 +mπ, where m ∈ Z. Since in the presence of losses the fidelity decreases over time, we choose m = 0. Thus, the time needed to reach the maximal overlap with the entangled state is t 0 = π/(4δω) (see arrow in Fig. 4 ) and the maximum fidelity of the entanglement operation will be
Eq. (41) gives a simple, analytic expression for the fidelity of the entangling operation in terms of γ = Γ(r i , r i ), γ coop = Γ coop (r i , r j ) and δω(r i , r j ), which can be evaluated analytically through Eq. (25) and Eq. (26) . Here, the key figure of merit is the ratio β = δω/(γ + γ coop ). If the frequency of the atoms is chosen to lie half-way between two resonances of the fish eye (see Fig. 2(b) ), the single atom decay γ and the cooperative decay γ coop are small and the dipole-dipole interaction dominates [70] . Intuitively, in the absence of losses (γ = γ coop = 0), the fidelity of the entangling operation is 1.
In Fig. 5(a) we plot the error in the entangling operation (1 − F ) for four different lens radii as a function of α, where α = κ/ω 0 = 1/Q is the inverse of the cavity Q-factor, characterizing the ratio of the lifetime of the eigenmodes of the lens to the frequency of the excitation. For all lens sizes, the position of the two atoms is fixed at two antipodal points such that |r 1 | = |r 2 | = 0.27R 0 and φ 1 = φ 2 +π. The ratio of the lens radius to the transition wavelength (R 0 /λ) was chosen such that the real part of the order parameter ν = 1 2 ( 16π 2 (R 0 /λ) 2 + 1 + 1) associated with the atomic frequency falls half-way between two resonances of the fish eye for all four lens radii (i.e. Re(ν) = q + 0.5 with q ∈ {10, 20, 50, 90}, where note that for Re(ν) = 1, 2, 3 . . . the transition frequency ω 0 is resonant with one of the eigenenergies ω l of the lens). Clearly, the error increases with increasing α and increasing R 0 (i.e. increasing interatomic distance). The maximal value of the error is 0.5, which is reached when β becomes so small that the initial state has the highest fidelity (F = | ξ|ψ(0) | 2 = 0.5). Fig. 5(b) shows the error for a fixed value of α = 5 × 10 −4 for the same four lens radii as in (a) and the same antipodal atomic positions. The error is now plotted as a function of the detuning ∆ν = (Re(ν) − ν center ), where ν center = q + 0.5 with q ∈ {10, 20, 50, 90}. Clearly, the error is minimal half-way between the resonances and increases as the frequency approaches the resonances.
To gain further insight, we assume that the atomic frequencies lie between two resonances of the lens and obtain the scaling of the fidelity with system parameters by substituting Eq. (34), Eq. (35) and Eq. (36) into Eq. (41) . We obtain the following simple expression
In Fig. 6 we plot the fidelity of the entangling operation as a function of the lens radius using both the exact expression in Eq. (41) and the analytic approximation in Eq. (42) . Very good agreement is observed between the two curves. Finally, we note that the fish eye lens could be used for entangling many pairs of atoms simultaneously. As the radius of the fish eye is increased, the dipole-dipole interaction at all points further than λ/2 away from the antipodal point monotonically decreases. For lens radii with R 0 > 5λ, the dipole-dipole interaction at the antipodal point is an order of magnitude larger than anywhere else in the cavity (see Fig. 2(c) ). Thus, by placing numerous pairs of atoms into the cavity simultaneously, they can be entangled pairwise, without substantial interaction between the different pairs.
IV. VALIDITY OF THE BORN-MARKOV APPROXIMATION
In our derivation of Eq. (14), Eq. (22) and Eq. (23) we made use of the Born-Markov approximation, which presupposes that the environment is large and the correlation time of the environment is very short compared to the evolution of the atomic states [67] . Since in our formalism the role of the 'environment' is played by the modes of the finite cavity, the validity of these assumptions needs to be evaluated carefully.
In order to verify the validity of the above results, we numerically solve the Schödinger equation, where the Hamiltonian is given by Eq. (2) together with the nonHermitian term introduced in Eq. (19) . The form of V is considerably simplified when the two atoms are placed at two antipodal points within the lens such that |r 1 | = |r 2 | and φ 1 = φ 2 + π. In this case the in-phase combination of the atomic dipole moments (d z (σ 1 + σ 2 )/ √ 2 + h.c.) only couples to the odd modes (l = 1, 3, 5 . . .) and the out-of-phase combination of the dipole moments (d z (σ 1 − σ 2 )/ √ 2 + h.c.) only couples to the even modes (l = 2, 4, 6 . . .) of the fish eye (see Appendix B). This reduces the size of the Hilbert space, making it possible to efficiently simulate the system while including a large number of the eigenmodes of the lens with frequencies close to ω 0 . We further restrict the Hilbert space to have at most a single excitation in the system.
We numerically determine the time-evolution, starting from the state |ψ(0) = |e 1 , g 2 via the operator U (t) = exp[−iHt/ ]. To obtain the maximum fidelity of the entangling operation, the overlap of the time-evolved atomic state is calculated with the maximally entangled state (|e, g − i|g, e )/ √ 2. In Figs. 5(a) and 5(b) we plot the numerically obtained values for the error (1−F ) (dotted lines) for different lens radii as a function of losses and atom frequencies, respectively. Even though the analytical results were derived using the Born-Markov approximation and neglecting retardation [57] , good agreement is obtained between the analytic results and numerical data. This confirms the validity of the analytical formalism described in previous sections.
V. POSSIBLE EXPERIMENTAL REALIZATION
A promising way to realize the fish eye lens is via transformational plasmon optics [54, 55] . The idea behind this approach is to engineer an effective refractive index distribution for surface plasmon polaritons by depositing a layer of high-index dielectric on top a 2D silver surface (see Fig. 7 ). By varying the height of the dielectric layer on the surface, the effective refractive index seen by the plasmons can be changed. In particular, when there is no dielectric on top of the silver, the effective refractive index seen by the plasmons is close to 1, whereas in the presence of a thick dielectric layer, the effective plasmonic refractive index will be close to the refractive index of the dielectric itself. Through this experimental technique, complex spatially-varying refractive index profiles can be engineered [54] . Crucially, the behavior of plasmons in a plasmonic lens with a particular refractive index profile closely mimics the predicted behavior of classical light rays in the corresponding 2D lens. This correspondence between 2D classical lenses and quasi-2D plasmonic lenses was theoretically established in Ref. [54] and experimentally confirmed for the nanoscale Luneburg and Eaton lenses [55] .
We expect that the plasmonic version of the nanoscale fish eye lens could be experimentally realized analogously to the Luneburg and Eaton lenses. A dielectric layer of varying height could be deposited on a flat silver surface while the lens is surrounded by a circular mirror (see Fig. 7(b) ). To explore the quantum optical properties of the fish eye, atom-like color defects in diamond could be used as quantum emitters. Subwavelength positioning and coherent manipulation of such color defects has been experimentally demonstrated previously [71] [72] [73] [74] . Recently, the entanglement of two silicon-vacancy (SiV) color defects inside a nanoscale cavity was also demonstrated [75] .
For illustration, we provide here an estimate of the entanglement fidelity of two atoms inside a particular example of a plasmonic fish eye lens. We assume that the lens operates at 406.706THz, which is the zero-phonon resonance of SiVs corresponding to a vacuum wavelength of λ SiV = 737nm. Furthermore, we assume that the lens has a radius of R 0 = 1.749 λ SiV , which ensures that the SiV resonance falls between two resonant modes of cavity (Re(ν) = 10.5). We also assume that the flat silver substrate is made of single-crystal silver [76] , which at the SiV resonance frequency has a permittivity of m = −25.23 + 0.589i and gives rise to plasmonic propagation distances on the order of ∼ 160 λ Siv . It is also assumed that there is a thin (∼ 10 − 15nm) diamond layer on top of the metal that has two SiVs implanted at two antipodal points such that |r 1 | = |r 2 | = 0.27R 0 and φ 1 = φ 2 + π, as schematically shown in Fig. 7(b) . Due to their proximity to the silver surface, the twoẑ-polarized emitters will couple strongly to the surface plasmons, which are tightly confined to the metal-dielectric interface.
The spatially varying refractive index n(r) of the fish (Eq. (1) with n 0 = 1) could be experimentally realized by depositing a dielectric of permittivity d = 3.6 on top of thin diamond layer. By varying the height of the dielectric between 0 and 200nm, the effective refractive index seen by the plasmons can be varied between 1 and 2. The refractive index of the dielectric (n d = √ d = 1.9) was chosen such that the effective index can reach 2, but a dielectric with even higher index (such as diamond with diamond = 5.76) was avoided to ensure that the plasmons are not confined unnecessarily tightly to the silver surface, which would give rise to significantly higher ohmic losses.
The direct relationship between the height of the dielectric layer d and the resulting (complex) refractive indexñ(d) = n(d) + iχ(d) can be obtained from the following implicit equation [54] 
where k 0 = 2π/λ SiV and in our calculation we ignored, for simplicity, the presence of the diamond layer, as it does not significantly modify the effective index seen by the plasmons as long as the diamond layer is much thiner than the transverse confinement of the plasmons, which is on the order of a wavelength. Fig. 7(a) shows the real part n(d) and imaginary part χ(d) (inset) of the complex refractive indexñ(d) seen by the plasmons as the thickness of the dielectric d is varied. The effective refractive index increases monotonically with the thickness of the dielectric layer. Since the refractive index of the fish eye increases radially inward (see Eq. (1)), the dielectric layer in the fish eye lens takes a conical shape as shown in Fig. 7(b) .
From the imaginary part of the effective refractive index χ(d), we can estimate the average photon loss rate due to ohmic losses via the relation κ abs (r)/ω 0 = χ(r)/n(r) (see Section II E). Since this loss rate varies significantly across the lens, we numerically average χ(r)/n(r) over the radius of the lens and obtain the averaged quantity κ abs (r)/ω 0 ≈ 3 × 10 −3 . This is the leading order contribution to the photon loss.
Photons can also be lost from the lens by leaking out through the mirror. Assuming that the reflectivity of the mirror is r 2 , we can estimate the loss rate κ mirror /ω 0 . In the absence of other loss mechanisms, the photon would bounce off the mirror ∼ 1/t 2 times before being lost, where t 2 = 1−r 2 . The time interval between two bounces is approximately (2R 0 )/(c/n), where R 0 is the radius of the lens, c is the speed of light in vacuum andn is the average index of refraction in the lens. Thus the lifetime of the photon due to the finite mirror reflectivity is
Making the conservative estimate that r 2 = 0.95, we obtain the following loss rate
where we have used n(r) = 1.57, which is obtained by numerically averaging the refractive index over the radius of the lens. Note that this shows that the losses due to the finite reflectivity of the mirror are an order of magnitude smaller than the ohmic losses.
Next, we consider emission into free space γ 0 . In the close proximity of a metal surface, the rate of decay of the emitter into plasmonic modes γ can significantly exceed the rate of emission into free-space modes
3 ) [41, 77] . Here, we take the Purcell factor to be η = γ/γ 0 ≈ 3, which is the approximate value for a z-oriented dipole 10-15 nm away from a flat silver surface emitting radiation at 737nm [78] . Furthermore, we also make the conservative estimate that the emission to free space is reduced by a factor of two due to the presence of the silver surface [79] . In order to account for the presence of this additional decay channel, we need to make the replacement γ → γ +γ 0 /2 in Eq. (37) , and thus Eq. (42) becomes
Note that this equation holds only if the atomic frequencies fall half-way between two resonances and the atoms are placed at two antipodal points anywhere in the lens. Substituting R 0 /λ SiV = 1.749, α = (κ abs + κ mirror )/ω 0 = 3.4 × 10 −3 and η = 3 into Eq. (49), we obtain that the fidelity of the entangling operation would be approximately F = 80%. We note that this fidelity could be further improved by utilizing the adiabatic passage of a dark state in a Raman scheme [58] .
VI. CONCLUSION
In conclusion, we have investigated the single-photon dynamics of atoms inside the fish eye lens. We demonstrated that the lens mediates long-range interactions between distant emitters. The dipole-dipole interaction has an infinite range, limited only by the decay rate of the cavity modes. Furthermore, our results show that the fish eye focuses a single photon to a diffraction-limited area during the exchange of a photon between two antipodal atoms, whose frequency is tuned between two resonances of the cavity. We derived closed-form expressions for the decay rates and dipole-dipole interaction of atoms in the presence of losses and studied the fidelity of entangling operations. We confirmed the validity of our analysis, which relied on the Born-Markov approximation, by numerically solving the Schrödinger equation. Finally, we proposed a possible realization for the fish eye lens using tranformational plasmon optics and silicon-vacancy centers that could open up the fish eye for practical applications.
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Green's function of the 2D fish eye
The single-source Green's function of Maxwell's 2D fish eye (of radius R 0 , thickness b and refractive index profile n(r) = 2n0 1+(r/R0) 2 ) is a solution of the following equation
where α, β, µ, ν = x, y, z and summation is implied over repeated indices and ε(r) = n(r)
the position-dependent electric permittivity. When b is chosen such that ω 0 πc/b, only the lowest TE polarized mode of the fish eye can be excited and the electric field is invariant along the z-axis (∂ z E(r) = 0). The explicit expression for the zz-components of the Green's function (Eq. (15)) is then given by
where P ν is the Legendre function of (non-integer) oder ν,
,
Virtual coordiantes
The stereographic transformation [8] 
can be used to map any point (r, φ) on the real plane to a point (θ, φ) on the surface of a virtual sphere (where φ is the same value in both coordinate systems). Using this transformation, we can simplify the definition of the Green's function
where θ 12 is the spherical distance beetween two points, (θ 1 , φ 1 ) and (θ 2 , φ 2 ), on the surface of a unit sphere, since where, now, θ 12 is the spherical distance between the points (θ 1 , φ 1 ) and (π − θ 2 , φ 2 ). Now, we can write the Green's function as G zz (r 1 , r 2 , ω) = − P ν (− cos θ 12 ) − P ν (− cos θ 12 ) 4b sin(πν) . 
where ψ is the digamma function and which expression, in case of η = l ∈ N, simplifies to 
and we can write the Green's function as 
where P m l are the associated Legendre polynomials. By using this theorem, and the property that P l (−x) = (−1) l P l (x), we can write 
where r and φ are polar coordinates of r and cos θ = 
where Ω o,j , |φ o,j and Ω e,k , |φ e,k are eigenvalues and eigenstates of H o / and H e / , respectively. Finally, we note that the numerical results shown in Fig. 5 are independent of the atomic parameters and the thickness of the lens as only ratios of the dipole-dipole interaction, spontaneous decay and cooperative decay are considered (each of which is proportional to the square of the prefactor d 2 z c/ bR 3 0 0 ).
